We discuss the linear perturbation equations with the synchronous gauge in a minimal scenario of the bimetric massive gravity theory. We find that the matter density perturbation and matter power spectrum are suppressed. We also examine the ghost and stability problems and show that the allowed deviation of this gravitational theory from the cosmological constant is constrained to be smaller than O(10 −2 ) by the large scale structure observational data.
I. INTRODUCTION
requires that the Planck mass of the second metric is much less than that of the first one.
In this study, we examine whether the absence of instabilities can occur in a minimal case with the parameter β 0 but without the mirror dark matter term. In particular, we use the general conditions given in Ref. [49] to avoid the Higuchi ghosts and gradient instabilities at the linear level. Some recent studies on bigravity can be seen in Refs. [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] and references therein.
As demonstrated in the literature 1 , the modified gravity theories without the ΛCDM approach are hard to fit the cosmic microwave background radiation (CMB) and large scale structure observational data. In order to check the viability of the bigravity model, it is helpful to explore the feature of the linear density perturbations as well as the matter power spectrum in a viable non-trivial minimal scenario, which has the ΛCDM limit associated with a modification term. This type of the study has been done in the DGP [66] and Galileon frameworks [67] [68] [69] . In this work, we plan to estimate the allowed window of the model parameter by comparing with our numerical calculations to the most recent observational data, and examine the stability with the constrained parameter. Our goal is to find out whether there are still some possible deviations between our viable minimal scenario of the bimetric massive gravity theory and the ΛCDM model. This paper is organized as follows. In Sec. II we derive the effective equations of dark energy at the background level. In Sec. III, we consider scalar perturbations in the synchronous gauge and obtain the perturbed equations. We numerically solve the linear perturbation equations in Sec. IV. We discuss the ghost and stability problems and show the matter power spectrum in Sec. V. Finally, the conclusion is given in Sec. VI.
II. BACKGROUND OF BIMETRIC MASSIVE GRAVITY
In this section, we would first review some basic background of the bimetric massive gravity theory and then introduce our minimal scenario for the theory. We start with the action of the theory, given by [27] ,
β n e n (X) + S M (g µν , Ψ) , (1) 1 See Ref. [70] , for example.
where R(g) and R(f ) are the Ricci scalars, corresponding to the ordinary and new metrics g µν and f µν , respectively, G f is the gravitational constants for the new metric, m is a mass parameter, S M (g µν , Ψ) is the action of the matter term with the matter field Ψ, β n are the arbitrary constants, and e n are defined by,
for g µν and f µν , respectively, where H (f ) =ȧ/a (ḃ/b) is the Hubble constant of g µν (f µν ), and ρ M = ρ r + ρ m (P M = P r + P m ) is the energy density (pressure) of the radiation ρ r (P r ) and matter ρ m (P m ). 
As discussed in Refs. [29, 43] , the e 0 (X) term behaves as a trivial cosmological constant, while the bimetric massive gravity is consistent with observation at the background level if β 1 = 0. However, it is known that most of the modified gravity theories are hard to fit the CMB and large scale structure observations without the ΛCDM limit, so that we will concentrate on our study with a non-zero value of β 0 . To simplify our discussion, we investigate the nontrivial case with only two free parameters, β 0 and β 1 , which can recover the ΛCDM mode and the model described in Refs. [29, 43] when the suitable β 0 and β 1 are chosen. In addition, from Eqs. (9) and (11), if β 1 = 0, we see that there is no solution for β 2 = 0, while non-zero values of β 3 and β 4 yield too large abundance of the dark energy density in the early universe. The behaviors of the cosmological evolutions with different one-parameter branches are listed in Table. I. Note that from the table, we see that the strong-coupling case would occur when b/a is large for the non-zero parameters of β 3,4 . As a result, we take β 2 = β 3 = β 4 = 0 to be our minimal choice of the bimetric massive gravity theory. In this scenario, Eqs. (11) and (12) can be reduced to respectively.
We emphasize that in order to avoid the instability [33] , there is no mirror dark matter sector minimally coupled to the second metric in this work. Consequently, in terms of Eqs. (9) and (10), the effective energy density and pressure can be defined by
which satisfy the continuity equation,ρ DE + 3H (ρ DE + P DE ) = 0, where we have redefined
withβ 0 +β 1 = 1 and ρ
DE the effective dark energy density at present. From Eqs. (14) and (15) , one can observe that e 0 (X) with the free parameter β 0 in the action plays the role of the cosmological constant, while e 1 (X) with β 1 behaves as the inverse quadratic of the Hubble parameter. In Fig. 1 , we illustrate the evolutions of ρ DE and equation of state (EoS), w DE = P DE /ρ DE , as functions of the redshift z. The effective dark energy density grows in the evolution of the universe and reaches a de-Sitter solution, H → H de = const., in the future. As shown in Fig. 1b , w DE always stays in the phantom phase of w DE < −1 in our minimal scenario. We note that this result has been already found in Ref. [43] .
III. LINEAR PERTURBATION THEORY
From the generic linear perturbations in the k-space, we have
whereḡ µν andh µν are the background metrics, while h µν and h f µν are the linear perturbations in Eqs. (6) and (7), respectively. In general, there are four scalar modes in each metric, i.e.,
where
Under a gauge transformation,
with ǫ µ at the same order of h µν and h f µν , we can eliminate two of these scalars. In order to compare the results with the observations, we choose the conventional synchronous gauge with two scalars, (h and η), in the ordinary metric [75] , and keep four scalars, (h f , η f , Φ f and B f ), in the new one.
Substituting Eqs. (18) and (19) with Φ = B = 0 into Eqs. (3) and (4), we have
and
where the prime denotes the derivative of e-folding, i.e.
From Eqs. (21), (22) (27) and (28), it is easy to check that the bimetric massive gravity theory with (β 0 ,β 1 ) = (1, 0) is reduced to the ΛCDM limit at not only the background evolution level, but also the linear perturbation one. By using Eqs. (21) - (28), the evolutions of δ M and θ M as well as the linear perturbation scalars, such as h, η, h f , η f , B f and Φ f , can be solved. In Fig. 2 , we present the evolution of the normalized matter density perturbation, δ m /δ 
where c = 2 and 1 at the radiation and matter dominated epochs, respectively. In Eqs. (A10) and (A11), we find thatλ ∼ 0.5 before the dark energy dominated era. The larger k is, the earlier the mode enters the horizon, resulting in a more significant enhancement of h f .
Although the bimetric massive gravity theory restrains the growth of the matter density perturbation, the suppression effect of δ m would be negligible by H −4 in the early time (see also Eq. (21)) until
Clearly, such a suppression depends on both the wavenumber k and model parameter β 1 .
V. GHOST AND INSTABILITY PROBLEMS AND MATTER POWER SPEC-TRUM
It is known that the bimetric massive gravity suffers from the Higuchi ghost and instability problems [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] [48] , due to the negative squared mass of graviton and the divergence under the linear density perturbation, respectively. In order to avoid the ghost problem, the condition of (b/a) ′ ≥ 0 is required, which can be derived from Ref. [49] . From Eq. (13), we see that
, which is larger than or equal to zero with the equal sign at H = H de in the late-time dark energy dominated epoch. Clearly, our minimum case of the bimetric massive gravity theory is ghost-free in the cosmological evolution. On the other hand, it has been checked in Ref. [49] that the scalar perturbations with b 2 /a 2 < 1/3 and (b/a)
in the radiation and dark energy dominated epochs are stable in both early and late-time of universe, respectively, but the stability condition is broken in the matter dominated epoch with β i = 0 (i = 2, 3 and 4) as obtained in Ref. [35] . As shown in Fig. 3 , our numerical result confirms such a divergence property on the growth of the linear scalar perturbation for the new metric, h f , in the sub-horizon scale. The sharply increasing h f leads to the suppression of the cosmological observables, δ m , h and η. Fortunately, the suppression strength, which can be estimated from Eqs. (21) and (22), is proportional to β 2 1 ∼β 1 . As a result, whenβ 1 is small enough, the deviation of δ m in the bimetric massive gravity theory from that in the ΛCDM model can be restricted. By comparing the deviation of the matter power spectrum,
to the large scale structure observations, we can give an upper bound forβ 1 .
In Fig. 4 , we illustrate P (k) as a function of k with a massive neutrino of m ν = 0.2 eV and β 1 = 0 (black solid line), 10 −3 (blue dashed line), 3 × 10 −3 (red dotted line) and 10 −2 (green dash-dotted line), respectively, where the data points come from the SDSS LRG DR7 [76] .
Combining Eqs. (27) , (29) and (A9) with h f < 0 in the matter dominated era at the scale inside the deep horizon, Eq. (21) reduces to
where the third term is positive, reducing the growth of δ m , which leads to the suppression of P (k). Comparing the numerical calculation with the data points up to k ≃ 0.1h/Mpc, we can make a statement that the allowed window isβ 1 O(10 −2 ) in the bimetric massive gravity theory. Note that (i) the perturbation theory breaks when h f µν is large enough, occurring at k ∼ 0.1[h/Mpc], indicating that the linear perturbation result is applicable only up to k ∼ 0.1, and (ii) our upper bound is consistent with the conclusion that a positive β 1 is needed for avoiding instability in Ref. [36] . We note thatβ 1 keeps positive even if the stability condition is relaxed with β 1 < 0. Thus, the background evolution analysis is still valid along with the suppressed P (k) in this gravitational theory.
Additionally, one has
which satisfies the stability condition in Ref. [49] in the dark energy dominated era, where we have used w t = (P M + P DE )/(ρ M + ρ DE ) and w ′ t 0. Consequently, although under the linear scalar perturbations the observables are unstable in the matter dominated epoch, they become stabilized again when dark energy dominates the universe.
VI. CONCLUSIONS
We have studied the matter density perturbation δ m and matter power spectrum P (k)
in the bimetric massive gravity theory for the minimal scenario with β 2 = β 3 = β 4 = 0.
In this scenario, the zero values for β 3,4 are used to avoid the strong coupling between g µν and h µν , while β 1 > 0 is taken to evade the stability problem. In this approach, β 0 e 0 (X) in the action plays the role of the cosmological constant in both background and linear perturbation levels, while β 1 e n (X) behaves as a inverse quadratic of H. This result confirms the analysis in Ref. [43] that the effective dark energy EoS in the theory is always at the phantom phase, i.e., w DE < −1.
By taking the synchronous gauge in g µν , we have calculated the evolution of the matter density perturbation in our minimal case of the bimetric massive gravity theory. Through the analytical discussion, the growth of the scalars in the new metric is independent on the choices of β 0 and β 1 . At the scale outside the horizon, k 2 /a 2 ≪ H 2 , we have the relations,
When the scale enters the horizon, k 2 /a 2 ≫ H 2 , the growths of η f , Φ f andB f are suspended, and |h f | sharply increases, reducing the growth of the matter density fluctuation and causing the suppression of the matter power spectrum P (k) in both β 1 > 0 and β 1 < 0 cases. This behavior is the same as the DGP model [66] , but opposite to the cubic Galileon one [68] . This effect depends on both the scale k and parameter set We present the detailed calculation of the evolution equations for the scalar perturbations in the bimetric massive gravity theory, including two scalar perturbations, h and η, in the ordinary metric and four scalar perturbations, h f , η f , B f and Φ f , in the new metric. From
Eqs. (23) - (25), we can observe that the evolutions of the scalar perturbations in the new metric is independent on the model parameter β 1 , so that β 1 → 0 is taken in our discussion of the asymptotic behavior in the radiation and matter dominated epochs in this section. 
where we have used w M = const.,Ḣ/H 2 = −3(1 + w M )/2 and H b = 4 + 3w M , and redefined B f = aHB f , while the prime denotes the derivative of e-folding, i.e. "′" = d/d ln a.
It is known that δ M and h ∝ a λ in the radiation (w M = 1/3, λ = 2) and matter (w M = 0, λ = 1) dominated epoches, respectively. Substituting the relations,
into Eqs. (23) - (25) in the radiation and matter dominated eras, respectively.
2.
Scalar perturbations at the sub-horizon scale, k 2 ≫ a 2 H 2
When the k-mode enters the horizon, the k 2 /a 2 H 2 terms play the most important role in the cosmological evolution. Substituting Eq. (A4) into Eqs. (23) - (25), the growth powers are deduced as
where c = 2 and 1 for the radiation (w M = 1/3) and matter (w M = 0) dominated eras, respectively. Thus, we have
which allow us to take thatB f = Cη f ≪ h f at the scale deep inside the horizon. Finally, the values of C and λ can be solved by substituting Eq. (A8) into Eqs. (23) - (25), given by w M = 1 3 : λ ≃ 0.577 , and C ≃ −0.019 ,
w M = 0 : λ ≃ 0.432 , and C ≃ −0.031 ,
which match our numerical calculations of λ ∼ 0.58 for w M = 1/3 and λ ∼ 0.43 for w M = 0.
These results show a clear behavior that the growth of h f is enhanced with h f ∝ a λ+c , but those of η f and B f are suppressed with |η f | ≫ |B f | ∝ a λ in the matter dominated era. As a result, we conclude that
at the super-horizon scale, and
at the scale deep inside the horizon.
